A discrete reconfigurable back-stepping controller is proposed to resolve the attitude command tracking problem of hypersonic flight vehicle in reentry mode. The hypersonic flight vehicle dynamic equations are transformed into discrete form based on Euler numerical integration method. Discrete control command is designed via discrete back-stepping. Control allocation strategy is introduced to deal with the resource distributing problem of reaction control system and aero-surfaces. In computer simulation environment, the vehicle tracks command signals precisely and quickly.
Introduction
Hypersonic flight vehicle (HFV), as an efficient and low-cost tool to access space, is drawing more and more attention ( Figure 1 ). Flight envelope of HFV covers wide range of height and velocity. Conditions of hypersonic flight are difficult to measure or estimate. [1] [2] [3] HFV is susceptive to modeling uncertainties and measuring inaccuracies. HFV dynamics is unstable, and it is a non-minimum phase. [4] [5] [6] As a result, robust nonlinear control has become one of the significant strategies for HFV control system. 1, [7] [8] [9] [10] [11] [12] A robust neural adaptive controller based on inverse dynamics is presented by Xu et al. 8 Simulation studies of a generic hypersonic aircraft shows good performance. 4, 13 Validity of sliding mode control design is demonstrated in the works by Zhao et al., 7 Shtessel et al., 11 and Yang et al. 14 A sliding mode observer is added to the robust optimal control loop to attenuate the external disturbances. 15 Progress in artificial neural network reveals bright future in nonlinear control problems, especially in the presence of severe model uncertainties. [16] [17] [18] [19] [20] Using a nonlinear disturbance observer and radial basis function neural network, a dynamic surface back-stepping control method is proposed to deal with uncertain system and input saturation. 19 Historical efforts 1, 9, 12, 21 also reveal back-stepping design has been an effective and promising tool for control problems. The advantage of back-stepping control design is its flexibility. Based on Lyapunov stability theory, the closed-loop control system stability is easily guaranteed. In some conditions, block back-stepping control law may offer significant advantages over the simple nonlinear dynamic inversion control law. 22 However, it requires a strict-feedback form of dynamic 1 equations. A two-loop controller based on backstepping is designed for HFV to attenuate uncertainties and disturbances during reentry process. 1 In the work by Zou et al., 12 a strict-feedback form control-oriented reusable launch vehicle (RLV) model is first proposed, and then, a novel robust adaptive back-stepping controller is developed to deal with input restraint, modeling uncertainty, and aero disturbance. By introducing a novel tracking function and a constant positive gain, the nonlinear back-stepping attitude controller in the work by Ali et al. 21 showed improved performance in decreasing the maximum control moment and the transient time. To simplify the design procedure of back-stepping controller, minimal-learning-parameter strategy is successfully introduced into a high-gain observer. 23 Fan system air speed control experiments showed the good performance of two back-stepping sliding mode control laws, one of which introduced an integrator to ensure precise responses and the other of which incorporated an estimator to estimate modeling uncertainty. 24 As digital computers are more and more popular with modern vehicles, control laws designed in discretetime domain should be given more attention. 4 Neural networks are usually used to enhance control algorithms' robustness to uncertainties and modeling errors. 25 Based on a generic hypersonic vehicle, Xu and colleagues 4, 26, 27 have investigated the discrete backstepping controller of the vehicle's longitudinal dynamics. Single hidden layer feed-forward network and extreme learning machine are introduced into neural control design. The number of online adaptive parameters is reduced. 4 Neural network approximation and nominal feedback are used to design the virtual control. 26 Inspired by features of the social organizations, 28 new learning scheme is incorporated into the discrete neural back-stepping controller design.
Reconfigurable flight control is concerned with adapting control gains or switching control laws to adapt to failures and damages. Reconfigurable control systems significantly enhance the flight mission reliability. The robust reconfiguration technique adapts controller parameters to tolerate failures. However, control system based on control allocation only changes the allocation strategy. Control allocation reduces the difficulty of controller design and guarantees the closedloop stability after reconfiguration. 29 In the work by Shtessel et al., 11 control allocation based on quadratic programming method of aero-surfaces is demonstrated. In the work by Doman and Ngo, 30 a linear programming control allocation operates in two modes: nominal minimum deflection mode and faulty null-space injection mode. When an actuator fault is detected, control allocation is switched to faulty null-space injection mode. Further research is conducted to compensate for effectors' dynamics in the work by Oppenheimer and Doman. 31 Unlike continuous aero-surface effector, the reaction control jet is discrete. A mixed-integer linear programming (MILP)-based reaction control system (RCS) control allocator is compared with the traditional pulse-width modulation (PWM) approach. 32, 33 The MILP control allocator significantly decreases the number of RCS switch transitions. A L 2 optimal control allocation of aero-surfaces and RCS jets is designed for missile autopilot. 34 The missile achieves good tracking performance in simulation environment.
In this article, a discrete reconfigurable controller is presented. Based on Euler numerical integration method, the attitude dynamics of HFV is transformed to discrete model. Considering model uncertainties and external disturbance torque, we design a discrete backstepping controller. In order to weaken the influence of actuator failure, control allocation strategy is incorporated into the control design.
The rest of the article is organized as follows. First, the HFV discrete model to be used is presented; then, the discrete back-stepping control algorithm is discussed, followed by the control allocation strategy design. In the end, the applicability of the proposed method is demonstrated by its utilization to command tracking for HFV.
HFV modeling

Attitude dynamics
The nominal rotational dynamics of HFV is described by six equations as follows 11 Figure 1 . HFVs (X-33, X-34, and X-37).
where v = ½p; q; r T is the body angular rate vector, J 2 R 3 3 3 is the moment of inertia tensor of the HFV, t 2 R 3 is the control moment vector, and O is a matrix given by
In reentry mode, g = ½f; b; a T (bank angle, sideslip angle, and angle of attack, respectively), and R is defined as R = cosðaÞ 0 sinðaÞ sinðaÞ 0 À cosðaÞ 0 1 0
Considering additive parametric uncertainty, inertia uncertainty DJ , and external disturbance torque Dt, kinetic equation can be rewritten as
Equation (1) has a new form
where P = À DJ _ v À ODJ v + Dt represents the effect of inertia uncertainty and external perturbation.
Control goal
In spite of any initial condition g 0 , the goal is to design a discrete autopilot to control the HFV attitude angular g to track the desired mission angular profiles g d in the presence of modeling uncertainties and external aerodynamic perturbations.
Discrete back-stepping controller design
Discrete-time model
Define x 1 = g and x 2 = v. The nominal equation (1) is adapted to the strict-feedback form
where 
Discrete controller design
The errors are defined as 4 Step 1: From equations (6) and (8) z
where diagonal matrix c 1 2 R 3 3 3 , whose element c 1ii 2 0; 1 ð Þ, and x 1d ðk + 1Þ = g d ðk + 1Þ. From equations (9)- (11), we have the following equation
Step 2: Combining equations (7) and (9), we know 
The control command uðkÞ can be chosen as
where diagonal matrix c 2 2 R 3 3 3 , whose element c 2ii 2 ð0; 1Þ. Thus, we have
Note that x 2d ðk + 1Þ is the future virtual control signal value. The future value cannot be obtained. Here, we substitute x 2d ðkÞ for x 2d ðk + 1Þ technically.
Stability analysis
First, according to Lyapunov stability analysis of discrete-time systems, we choose a candidate discrete Lyapunov function L 2 ðkÞ as
Then, the forward difference DL 2 ðkÞ is defined as
Substituting equation (15) into equation (17), we get
Because each element of diagonal matrix c 2 satisfies c 2ii 2 ð0; 1Þ, matrix ½c T 2 Á c 2 À I 3 3 3 is negative definite. So, we know L 2 ðkÞ.0, DL 2 ðkÞ\0, if z 2 ðkÞ 6 ¼ 0. According to discrete-time Lyapunov stability theorems, the z 2 ðkÞ subsystem is globally asymptotically stable.
Second, we will demonstrate the stability of the whole system (z 1 and z 2 ). Choose the discrete Lyapunov function LðkÞ as
where jj Á jj 2 represents 2-norm. DLðkÞ comes out to be
According to matrix analysis theory, 35 we can easily get the inequality below
From g 1 = R, we know jjg 1 ðkÞjj 2 is bounded. Assume jjg 1 ðkÞjj 2 C, where C is a constant positive value. The inequality (21) becomes
Selecting the values of c 1 , c 2 , T s , and C carefully, we will get the inequality DLðkÞ 0. Therefore, the stability of the whole system (z 1 and z 2 ) is guaranteed. Note that element of matrices c 1 and c 2 still satisfies c ii 2 ð0; 1Þ.
Control allocation
During reentry phase, HFV will proceed in three different stages according to different air density, dynamic pressure, Mach number, and altitude. In the first stage, because of the low air density, control torque provided by aero-surfaces is little. Therefore, RCS thrusters are the only effectors to adjusting attitude of HFV. Control torque vector t = t R , t R = Hb, is RCS torque. Where H 2 R 3 3 n is a torque allocation matrix of RCS thrusters. b is a binary state vector including (0, 1), where element 0 represents the off state of a thruster and element 1 represents the on state. In the second stage, as the air density and dynamic pressure increase, aero-surfaces start to operate, together with RCS. t = t R + t A , t A = Dd, is the torque produced by aero-surfaces deflection. d 2 R n is a vector of n aero-surfaces deflection angles. D 2 R 3 3 n is a connection matrix calculated in real time based on aerodynamic coefficient data. In the last stage, efficiency of RCS lessens. Aero-surfaces take over control. Hence, t = t A .
Referred to Figure 2 , the difference between different stages is shown as follows:
In stage 2, a ''daisy chain'' strategy-mixed RCS jets with aero-surfaces are studied. In order to save RCS fuels, RCS thruster control logic b is chosen as follows: (1) aero-surfaces have a higher operation priority; (2) when aero-surfaces are unable to offer the command control torque, relevant RCS thrusters are operated to supply the residual.
MILP of RCS
Here, we use MILP method to allocate RCS thrusters. The formulation of the pulsed RCS actuators control allocation problem is presented as follows
Subject to
where
where k and l are design parameters.
Quadratic programming of aero-surfaces
The relationship between aerodynamic control torque t A and aero-surfaces deflection angle vector d is t A = D Á d. Propose the following optimization problem
The weighted pseudo-inverse solution that minimizes equation (25) is given by Here, we suppose the representative HFV is equipped with eight ideal thrusters (eight flight thrusters and two spares). Based on the works by Lee et al., 5 Doman et al., 32 
Exo-atmospheric flight
First, we present exo-atmospheric flight simulation results. In stage 1, RCS thrusters are the only actuators, which can provide control torque. Figure 3 shows the attitude command tracking results. One can see that the transient process is less damping. The overshoot is about 50%. This is because the RCS torque is always less than the command. Especially, torque saturation is a dominating feature in transient process, as shown in Figure 4 . In transient process, command torque is about 10 times more than RCS torque.
Endo-atmospheric flight
Flight control in stages 2 and 3 incorporates aero-surfaces. Figures 5-7 show the simulation results of flight in stage 2. One can see from Figure 5 that transient performance is better than results in stage 1. In transient process, aero-surface torque is saturated and daisychained with RCS torque. One can also see that RCS torque is always no more than the ideal torque that aero-surfaces are inefficient to support. Figure 8 shows the results in stage 3. The aerosurfaces are fully efficient. The transient performance is the best.
Conclusion
This article has revealed the good performance of back-stepping technique to resolve the HFV's attitude control problem in discrete-time domain. The discrete controller, in the presence of uncertainties and perturbations, accurately tracks the step attitude command. Stability analysis shows that the closed-loop asymptotic stability of HFV can be guaranteed by choosing reasonable parameters. Control allocation is introduced to resolve the effectors torque distribution problem of over-actuated system. The whole control strategy is validated in computer simulation.
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